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ESTIMATORS

M. DOLORES DE PRADA
LUIS M. BORGE
Universidad de Valladolid

Some methods for comparing asymptotically equivalent estimators are revie-
wed. We revise higher order asymptotic theory principles as well as procedures
for determining Edgeworth approzimations to the distribution functions. Dif-
ferent methods for determining the degree of proximity between estimators in
probabilistic terms are discussed. On the one hand, direct comparisons among
estimators by means of the stochastic difference between them. On the other
hand, comparisons of the degree of proximity between their distribution func-
tions. In the last context we present a method proposed by Robinson (1988)
which simplifies this type of comparisons because it do not need to calculate
higher order approzimations. (JEL C10)

1. Introduction

For most estimation problems different procedures are available. In
order to be able to choose among them we set up certain criteria or
statistical properties that a “good” estimator should verify. Unfor-
tunately, in econometrics, as in many others contexts, finite sample
statistical properties of most estimators can not be established be-
cause the exact distribution function of these estimators is usually
unknown. In such situations, choice among alternative estimators is
based on their asymptotic properties, that is, on the behavior of the
estimator when the sample size, T', goes to infinity. Central limit theo-
rems are employed to obtain an approximated distribution, known as
the asymptotic distribution, which is used to calculate the properties
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of the estimator. In that way, if we can prove that an estimator is
efficient by using the asymptotic distribution, we would say that it is
asymptotically efficient or first order efficient (FOE).

Under suitable regularity conditions, the maximum likelihood estima-
tor (MLE) is asymptotically efficient. Any other estimator with the
same asymptotic distribution would be asymptotically efficient too.
Many classical estimators have the same limiting distribution as the
MLE and therefore, from the point of view of their statistical pro-
perties, are asymptotically equivalent. In those cases, it would be of
interest to have some procedures for comparing among these estimators.

Most of the literature related with this subject is based on the use
of more refined approximations to the distribution function of an es-
timator than the asymptotic distribution: higher order approxima-
tions. The most widely used method to obtain these approximations
is the Edgeworth expansions. There are several procedures to calculate
them, the main difficulty being not to calculate the formal expansion
but to show that these expansions are indeed higher order approxima-
tions to the distribution function.

Once these higher order approximations are available we can define the
concept of higher order efficiency relating to the estimator that maxi-
mizes the probability of being concentrated about the true parameter
value, calculating the probability with the higher order distribution
function. To find an estimator that satisfies this property, the class of
estimators to be considered must be reduced to those that are asymp-
totically median unbiased® (AMU). That means that if the estimator
under study is not AMU it must be modified in such a way that it be-
longs to this class. Asmostofthe FOE estimators are also second order
efficient (SOE), third order efficiency will be the instrument to discri-
minate among all FOE estimators.

If, instead of looking for the best estimator within a class, we are in-
terested in comparisons of relative efficiency between two estimators,
Robinson (1988) proposes a method for carrying out these comparisons
that avoid the use of higher order approximations. It also provides a
way of comparing the estimators directly, instead of the estimator dis-
tributions, by calculating the stochastic difference between them. Both
methods are related and in fact, theorem 3 which provides sufficient
conditions for calculating the relative higher order efficiency between

1See definition 2 below.
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two estimators is based on the proof of theorem 1 for determining the
stochastic order of magnitude of the difference. For this reason the
stochastic difference will be described first.

The organization of the paper is as follows: section two discusses the
higher order approximation to the distribution function of an esti-
mator. We illustrate heuristically how the Edgeworth expansions are
calculated for the simple case of the standardized sum of independent
and identically distributed (i.i.d.) random variables. Also we sketch
a generalization for more complex statistics. Section three presents
the basic concepts of higher order efficiency theory. Section four in-
troduces the concept of stochastic order difference between estimators,
presenting a theorem for establishing the order of magnitude of such a
difference. In section five we present two theorems which provide suf-
ficient conditions for determining higher order relative efficiency and,
finally, in section six we summarize our conclusions.

2. Higher order asymptotic theory

When no exact distribution is available, inferences are usually based
on the asymptotic distribution of a statistic. The exact distribution
of the estimator, Fir(z), is approximated by a distribution function,
F(z), such that

lim |Fr(z) — F(z)| =0

T—o0

at all continuity points z of F(.). F(z) is called the asymptotic distri-
bution.

However, in many situations there are several estimators with the same
limiting distribution. In such cases the asymptotic distribution is not a
useful tool for discriminating among them. Nevertheless, it is usually
possible to improve these approximations by obtaining higher order
approximations to the distribution functions.

DEFINITION 1 A function Gr(x) is said to be an approximation of
(7 + 1)th order to the distribution function Fr(z) if:

Vo o lim T? |Fr(z) — Gr(z)] = 0.

That is, the difference between both distributions is of order o(T‘é).
Therefore, the asymptotic distribution is a first order approximation.

In order to obtain higher order approximations, two methods have be-
en widely used: the Edgeworth and the saddlepoint expansions. Both
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are based on the fact that the cumulant generating function of an
estimator, defined as the logarithm of the characteristic function, can
often be expandedlin a power series where the terms are usually increa-
sing powers of T~ 2. Then, the density function can be approximated,
using the Fourier inverse?, keeping the first terms of the series. The
two methods differ at the point at which the cumulant function is
expanded: the zero value for the first method and the “saddlepoint”
value that maximizes the integrand in the Fourier formulae for the
second. This later approach® usually provides more accurate appro-
ximations, especially in the tail of the distribution, but it requires a
complete knowledge of the cumulant function. The Edgeworth expan-
sion, which can be calculated from the first cumulants, have been much
more widely used to obtain higher order approximations. Its general
availability for a wide variety of estimators has made it the principal
tool for the study of higher order efficiency theory, as well as for other
statistical applications such as improving classical procedures for set-
ting confidence intervals and critical regions, the study of the accuracy
of bootstrap approximations, etc.

Historically, Chebyshev (1890) can be regarded as the first contribu-
tion which provides an approximation to the density function of a sum
of independent and identically distributed (ii.d.) random variables.
Also, but with no relation to Chebyshev’s work, Edgeworth (1905)
" considers the same problem, but goes further in extending it to other
statistics and sets the bases of what nowadays are known as Edgeworth
expansions. Cramer (1928) was the first to establish conditions for the
expansion of the density function of a sum of i.i.d. random variables
to be valid; Wallace (1958) suggests that these approximations can be
generalized to functions of the sample moments, but does not provide
a rigorous proof of this. Later on, the works by Chambers (1967), Chi-
bisov (1972) and Battacharya and Ghosh (1978) establish conditions
under which Edgeworth expansions are valid asymptotic expansions
under different assumptions on the functional form and the distribu-
tion of the sample moments. A recent review of the state of the subject
can be found in Bhattacharya and Puri (1995).

In econometrics, the use of the Edgeworth expansions begins in the
seventies, though Sargan (1964b) has already commented on the use

2See equation [2], below.
$The saddlepoint approximations have been used, among others, by Daniels (1954,
1956), Phillips (1978) and Durbin (1980).
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of the Gram-Charlier expansions* for approximating the distribution
of the two stage least square estimator (2SLSE). Sargan (1970), Sar-
gan and Mikhail (1971) and Mariano (1973) represent the first con-
tributions in this area. Sargan (1975) extends the result of Chambers
(1967) and proves a theorem on the validity of the Edgeworth expan-
sions for estimators that are asymptotically normal. This theorem is
generalized by Sargan (1976) to include the case of endogenous la-
gged variables. The same situation is treated by Phillips (1977, 1980,
1986)° and Sargan and Satchel (1986). The Edgeworth expansions are
used in other fields of econometrics, among others, by Taniguchi (1983,
1991) in the framework of time series models with normal errors and
by Linton (1991, 1995) in the field of semiparametric regression.

It is worth recalling that these expansions are asymptotic and there-
fore, for a given sample size, we can say nothing about the goodness
of the approximation. In fact, Edgeworth expansions are not very
accurate at the tails of the distribution and, in some cases, other ap-
proximations can provide better results®. What has made Edgeworth
expansions the basis for studying higher order asymptotic properties
is that they can be calculated for most of the commonly used estima-
tors and therefore are suitable for comparing asymptotically efficient
estimators. In what follows, we illustrate heuristically, how Edge-
worth expansions are calculated. Following Rothenberg (1984) and
Hall (1992), we will look at the relatively simple case of the standar-
dized sum of i.i.d. continuous random variables. We will also sketch a
generalization of these approximations for more complex statistics.

2.1 Edgeworth expansion for the sum of i.i.d. random variables

Suppose X1, X5, -+ is a sequence of i.i.d. random variables, with ze-
ro mean and variance one, with defined moments up to the (s + 2)-th
order. Let fx(z) be the common density function and ¢ (t) its charac-

4These expansions are directly related to the Edgeworth expansions. The Gram-
Charlier expansions have not been widely used because they need a greater number
of cumulants than the Edgeworth expansion.

SPhillips (1977) established his theorem about the existence of Edgeworth expan-
sions with the presence of lagged dependent variables under rather different condi-
tions to Sargan (1976). He also suggests that the proof stated by Chambers (1967)
is not strictly correct and supplementary conditions may be needed to ensure that
the result goes through.

6 A review of different methods can be found in Phillips (1980, 1983), Rothenberg
(1984) and Bayaert (1987).
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teristic function. The cumulants of X are defined as k, = i™"K ® (0),

r=1,2,..,54+2, (i = v/~1), where K(r)(O) is the r-th derivative of the
cumulant generating function Kx(t) = logpx(t) evaluated at t = 0.
The relationship between the characteristic and cumulant functions
allows us to express the r-th cumulant as a homogeneous polynomial
in the first » moments, with the first and second cumulants equal to
the mean and variance respectively. Therefore the first cumulant is
zero and the second is one.

Let fsr(z), ps,(t) and Kg,(t) be the density, characteristic and cu-
mulant functions of the standardized sum Sr = T2 X7 and let
kr7 be the r-th cumulant of Sy. Since Ks,(t) = TKx(t/vT) then
krp = T1-7/2k,. r > 2, therefore, we can say that the high-order cu-
mulants of Sy are small when the sample size is large and also the first
cumulant is zero and the second is one.

Expanding the cumulant function around the origin and using the Tay-
lor expansion of the exponential function, the characteristic function
¢s, can be written as

Psr(t) = {1+6_I:_/§_T(-t)3+ (24T(zt) 7’;3T(zt) ) +} 1]

If g.(t) is absolutely integrable, we can get the density function by
the inverse Fourier transform

1 > _
forle) =5 [ s (B 2
21 Jooo
The Edgeworth expansion is obtained by substituting expression [1]
for the characteristic function in the Fourier formulae, dropping high-
order terms.

Using the fact that, if ¢(z) = 1/27 [°_ exp(—itz)-exp(—t?/2)dt is the
density function of a Normal random variable with zero mean and va-
riance one, the r-th derivative of ¢(z) is ¢ (z) = 1/27 [ (—it)" exp
(—itz) - exp(—t?/2)dt. We can get the o(T~!) Edgeworth expansion
for the density function of St as

for(@) = ¢(z) - fWU 49 (a) + MWU 3]

This approximation can be written in terms of Hermite polynomials
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H,(x), defined as Hy(z) = (-1)"¢(z) "¢ (z)

fon(2) =~ 0(a) [1+ ksHs(x) — 3kyHy(z) +k§H6(m)} 4

6v/T 2T

To obtain the Edgeworth expansion for Fg,., we integrate the last
equation

T xI 2.’13 xr
E%@y:m@_¢@%@£%)+3hﬂﬂ)%?(ﬂﬂ(q .

where ®(z) is the distribution function of a standard normal. Cal-
culating the Hermite polynomials, Ha(z) = 2° — 1, H3(z) = 2% —
3z, Hs(z) = 2° — 102% + 15z. The o(T~!) Edgeworth expansion for
FST is:

Fop ~ &(z) + 2 (T/).;(m) + p2(m§,¢(m) 6]

where: 1 (;1;) = _%k3($2 _ 1) and pz(;c) E —-214-k4(m3 — 3.’1}) — 717143%(‘7;5 —

10z + 15z).

This approximation adds twcl) terms to the normal asymptotic distribu-
tion. The term of order T~ 2 corrects for the main effect of skewness,
since it depends on the third cumulant, while the term of order 7!
corrects for the main effect of kurtosis and the secondary effect of
skewness.

To guarantee that these expressions are o(T~!) Edgeworth approxi-
mations to the true distribution, it is necessary that the high-order

terms eliminated in [1] are small enough. However, as we can see in
Feller (1971, p. 541): .

E[|X|s+2]<oo and  lim [(6) <1 [7]

are sufficient conditions for the Edgeworth expansion of order o(T‘%)
to be a valid asymptotic expansion’. This means that, for a fixed s,
when T — o0, V x:

p@8) P, pa)ofa)
VT T T
"We say that an asymptotic expansion is valid when, if we truncate the series with

a given number of terms, the remainder have a smaller order than the last term
included. For a more rigorous discussion of this, see, among others, Wallace (1958)

P[Sr <z} = ®(x)+ +o(T™%)

[ 1178
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where p;(z), j =1,2,---,s, are polynomials of degree 3j-1, with coef-
ficients that depend on the cumulants k3, k4, - -, kj42, but not on T,
and with p1(z) and pa(x) defined as above. The condition about the
moments implies that, if we want an approximation of order o(T~%),
the existence of the moments up to order s + 2 is necessary. Thus, to
obtain an approximation of order o(T~!), we need the existence of the
moments up to order 4, since, as we saw before, the cumulants of third
and fourth order appear in the Edgeworth formulae [6]. The second
condition in [7], called Cramer’s condition, holds if the random varia-
ble X has a proper density function. Edgeworth expansions can also
be calculated for situations where Cramer’s condition is not satisfied,
see for example Bhattacharya and Rao (1975, chapter 5).

2.2 Edgeworth expansions: more general statistics

The extension of the previous results to other sample moments is re-
latively simple and it could be proved that, under suitable regularity
conditions, the distribution functions of the sample moments have Ed-
geworth expansions if the high-order population moments exist. The
situation is more complex when we try to generalize the result to the
most common estimators used in econometrics, because most of them
can not be considered as a simple sum of independent random varia-
bles. However, a wide variety of estimators are functions of the first
sample moments, which are v/T-consistent estimators of the popula-
tion moments.

Let pr be the vector of sample moments and suppose that an estimator
is defined by g(pr), where g is a smooth function. Let gs;(pr) be the
approximation of g(pr) obtained by considering the terms of the Taylor
expansion of g(pr) around the population moments, p = E[pr], which
includes up to the (s —1)-th derivative. Since the stochastic difference
between the sample and population moments is of order Op(T‘%)S,
we expect that gs(pr) would be near enough to g(pr), and also, that
the moments defined from gs(pr) would be near to the moments of
g(pr). In this situation we can apply a generalization of the Delta
method?, to calculate the Edgeworth expansion. This method was

8Xr = O,(fr) if Ve > 0, 3¢, Tj such that YT > T, P[|X1| > cfr] < e.
®Delta method. Let fr be an estimator of a parameter 0, such that \/T(éT—HO) LN
N0, D]a’ then, if g is a smooth function :1v/T[g(d1) — g(6,)] — N[0, GoDGY] where

i
Go= 38|, .
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proposed by Wallace (1958), and years later, Battacharya and Ghosh
(1978), Phillips (1977) and Sargan (1975 and 1976) proved the validity
of these approximations under different hypotheses about g(.) and the
distribution of pr.

Consider the statistics Y7 = v/Tg(pr) — g(1)] and Y = v/T{gs(pr) —
g(w)] and let Wr be the difference between Yr and Y7, ie., Wr is
/T times the rest of the terms in the Taylor expansion of Yz. Under
some assumptions about Wr (see, for example, Ghosh (1994), lema
2.1) the o(T~(-2/2) Edgeworth expansions of the distribution func-
tion of ¥ is'the same as the o(T~(5~2)/2) Edgeworth expansions of
the distribution function of Y7. Then, if we want to calculate the
o(T~') approximation of the distribution function of Y7 we can do so
by obtaining the approximation for Y7 with s = 4.

Since Y7 is a polynomial in (pr — p), it is relatively easy to calculate
its cumulants'®. Let k.7 be the r-th cumulant of Y7 calculated up
to o(T~!). The r-th cumulant is of order 7%~"/2 and the first and
second cumulants are of the form: k; 7 = aT~Y2 +o(T1) and ko 1 =
by + b T71 + o(T‘l), where a and b; denote suitable coefficients that
depend on the moments of the observation but not on T" and by is the
variance of the first order asymptotic distribution of Y7 (or Yr).

These cumulants are often considered the cumulants of Y7 calculated
by the delta method. Nagar (1959) was the first to use this technique
for approximating the moments of the distribution of the k-class esti-
mators in the context of the simultaneous equation models. He noted
that these estimators can be expanded as an increasing power series
in T~1/2, whose coefficients are polynomials of random variables with
bounded moments. The procedure consists in keeping the first terms
of the expansion and calculating the moments of the truncated series.
In general, the moments of the truncated series Y. are not good ap-
proximations to the moments of Y7 and therefore must be interpreted
as the moments of a distribution which approximates the distribution
of Y. Sargan (1974 and 1976) analyzes the conditions under which
these approximations will be valid.

Once the cumulants of Y. are calculated, following the same steps
as for the standardized sum of i.i.d. random variables!! (expanding
the cumulant function, using the Fourier inverse, ...), we obtain an

"*Some conditions about the function g and the moments of the original data are
needed.
11\We need to rescale the variable in order to ensure that the statistic has zero mean
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analogue of the Edgeworth expansion [6],

a(@)dx) | p)é(z)
F,~®
YT (m) + \/—f + T )
where ¢;, 7 = 1, 2, is a polynomial of degree no more than 3; — 1, with
coefficients that depend on the moments of the original observations.

8]

In order to guarantee that this expression actually provides the o(71)
Edgeworth expansion of the distribution of Y7, strong conditions over
the function ¢ and the sample moments pr are required (see, for exam-
ple, Battacharya and Ghosh (1984), theorem 2).

EXAMPLE. Let X1, Xy, ... be i.i.d. random variables with zero mean pu
and variance o2, Consider the Student’s t-statistic Yo = vVT(X —pu)/s,
where X and s? are respectively the mean and variance of the sample
(X1,X2, ..., X71).

Let W, = (X; — p)/o, then Y7 can be written as

Yo =vVIW[L+T7Y (W7 -1) - W32,

Expanding this expression and keeping the first terms, we can define
the statistic:

YT-\/_W[1——T-1Z(W2—1)+ W2+ {T—lz
[9}

It can be proved that the rest of the terms of the expansion satisfy
the conditions that allow that the approximation to the distribution
function of Y7 can be calculated from the distribution of Y7 up to
order o(T71).

The cumulants of Y7 up to order o(T~?) can be calculated from [9]

?

kir= —%T_I/Z’Y +o(T™)

kor =1+ iT—l(wZ +12) +o(T™)

ks = =202y 4 o(T1)
ko = T71(129% — 26 4+ 6) + o(T™1),
where 7y and ¢ are the third and fourth cumulants of W; respectively.

From the definition of W, v = 03ks, § = 0~%ky, where ks and k4 are
the third and fourth cumulants of X,.

and unit variance.
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The o(T~!) Edgeworth expansion to the distribution function of Yr is
given by

Fy, = 8(z) + T/ ?q1(2)¢(2) + T 2(2)$(x),

where
ks
q(z) = e 3(2 +1) and
@)=z oo —(z?-3) - e 6(93 + 2z 3)—Z(a: +3)| -

Nagar’s technique for approximating the moments is not the only met-
hod for constructing Edgeworth expansions, although it is the most
common because it is the simplest. If, for example, the characteristic
function of an estimator is known, that information may be used to
solve the problem directly by expanding the characteristic function in
a power series and applying the Fourier inversion formulae to the first
terms of the expansion. This procedure is used, among others, by An-
derson and Sawa (1973) to obtain the distribution of k-class estimators
in simultaneous equation models, and by Taniguchi (1983, 1991) for
the derivation of Edgeworth expansions for time series models under
normality. In contrast, there are certain types of estimators which,
due to their characteristics, are excluded from this type of procedures
and require specific methods for calculating the Edgeworth approxi-
mation. For a recent survey of other methods and their applications,
see Bhattacharya and Puri (1995).

In conclusion, Edgeworth approximations are not so difficult to cal-
culate using some of the available procedures. Proofs that these ap-
proximations are valid are much more difficult and require stronger
conditions than for calculating the formal expansions.

3. Higher order efficient estimators

In the statistical literature there are several ways of defining the con-
cept of asymptotic efficiency or first order efficiency (FOE). For a long
time, the concept has been based on the asymptotic variance of an
estimator. It was thought that if we only consider the class of VT-
consistent asymptotically normal estimator, @T, of a parameter 8 and
with 1i.d. observations, the variance of the limiting distribution of
VT (6 — 6), v(8), has a lower bound, that is the inverse of Fishe-
r’s information (per observation), i(d) = E[(dlog f(x;,6)/80)?%), where
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f(x,0) is the common density function of the observations. If the
asymptotic variance, v(f) attained the lower bound then the estima-
tor was said to be FOE.

But unfortunately, this result is not true without further conditions
on the estimator. We need the additional assumption that the conver-
gence to normality of v/T'(A7 — 8) be uniform in compact intervals of
6, where uniformity here means: given any compact set © and £ > 0,
lim supsup |P[VT(0r —6) < z] - F(x|0,v(9))1 <e
T—ogeco =
where F(-|u,0?) is the normal distribution function with mean x and
variance 2. Under suitable regularity conditions on the probability
density of i.i.d. observations an estimator v/T-consistent, and uni-
formly asymptotically normal (CUAN), 87, is FOE if its asymptotic
variance is the inverse of Fisher’s information (Rao, 1973, p. 531).

This definition implies that the distribution function of an FOE esti-
mator, 07, is at least as concentrated about the true parameter value
as any other CUAN estimator 67 in the sense that

Pl-a < VT(6% ) < b] < Pl~a < VT(r —6) <b +0(1). [10]

We adopt this last statement of maximizing the probability within a
class as the definition of FOE estimator because its generality and
convenience for introducing the treatment of higher order efficiency
nowadays.

To discriminate among all FOE estimators, it seems logical to establish
a similar definition of asymptotic efficiency but using higher order ap-
prozimations to the distribution function of the estimator, what is
known as higher order efficiency. We will restrict our attention to the
class of regular best asymptotically normal (RBAN) estimators, whe-
re regularity here means that the stochastic expansions are possible.
That guarantees the validity of the Edgeworth type expansion of dis-
tributions using asymptotic moments (Takeuchi and Morimune, 1985.
p. 178).

The term second order efficiency (SOE) was introduced by Rao (1961),
but the concept, as well as the first results in this area, occurs in Fisher
(1925), which proposes an second order efficiency measure, based on
the loss of information, to discriminate between different asymptoti-
cally efficient estimators in a problem of estimation involving a multi-
nomial population. Fisher stated, without any sort of proof, that the
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maximum likelihood estimator is SOE. Rao (1961, 1963) makes major
progress by proving Fisher’s result, introducing a more useful measure
of SOE, restricting attention to what he calls Fisher consistent estima-
tors. This result will be referred to as the Fisher-Rao theorem. It was
not until the seventies that this theory was fully developed. Ghosh and
Subramayan (1974) extended the results of Fisher and Rao to expo-
nential families'?. Third order asymptotic efficiency (TOE) has been
discussed, among others, by Pfanzagl and Wefelmeyer (1978) (who
adopted the terminology), Pfanzagl (1980), Ghosh, Sinha and Wieand
(1980), Akahira and Takeuchi (1981) and Takeuchi and Morimune
(1985). Ghosh (1994) offers a recent review of the state of the subject.

We follow the Pfanzagl (1980) and Akahira and Takeuchi (1981) treat-
ment to establish the basis of higher order efficiency theory. Their de-
finition is based on the requirement that the estimator is higher order
asymptotically median unbiased (AMU).

DEFINITION 2 The estimator 7 is r-th order AMU if it satisfies:

P[éTze]-—lz-’ = 0.

. =1
lim T72
T—ro0

a 1 r—
Plor < 0] —-5\ :Tli_l;goT_zl'

From this condition, the following definition can be established:

DEeFINITION 3 (Higher order efficient estimator) If a r-th order AMU,
O, satisfies that Ya,b > 0, V0:

. =1
lim T2
T—o0

P[—a<\/T(9T—9)<b}—
P[-a < VI(#;: - 6) <} ]20

for every r-th order AMU estimator 6%, then é7 is called r-th order
asymptotically efficient!3.

12The results about SOE of both, Rao and Ghosh and Subramayan, can be conside-
red as third order efficiency (TOE) in the following sense: they used the asymptotic
expansion of the covariance matrix of an estimator which proceeds in powers of 771,
whereas the asymptotic expansion of the distribution of an estimator proceeds in
powers of T~%/2, Hence it appears natural to use the term TOE for what corres-
ponds to Rao’s SOE.

¥ For the multiparameter case, § € © C RP, an estimator, éT, is r-th order asymp-
totic efficient if

lim 77 [P [VT(br - ) € €] - P [VT(8: - 0) € C]] 2 0

for any convex set C containing the origin.



486 INVESTIGACIONES ECONOMICAS

In some cases, as for example in the exponential family, the condition
of higher-order AMU can be replaced by the condition of higher-order
unbiasedness without altering the conclusions but, in general, it is
impossible to replace the AMU condition by that of asymptotic unbia-
sedness.

The RBAN estimators are not usually higher order AMU. It is possible,
however, to modify them (correcting for the bias), so that they beco-
me higher order AMU. This correction makes it possible to compare
asymptotic distributions by equalizing the locations of estimators.

As is shown in Pfanzagl and Wefelmeyer (1978), an estimator that
is first order efficient is already second-order efficient as long as it
satisfies:

(a) The asymptotic distribution of v/T'(f7 — ) is normal, with a zero
mean and variance covariance matrix the asymptotic inverse of the
information matrix Z(6). Thus, ér is asymptotically efficient.

(b) The distribution of v/T(7 —~ 6) admits the Edgeworth expansion
up to o(T“%) order.

(¢) The estimator is second-order median unbiased.

A comprehensive treatment of this result can be found in Akahira and
Takeuchi (1981) or in Battacharya and Deker (1990).

Any RBAN estimator adjusted to be second-order median unbiased,
satisfies conditions a), b) and c), and therefore will be second order
efficient (SOE). That means that the second term of the asymptotic
expansion of their distribution functions are the same. Thus, since
second order efficiency fails to distinguish among first order efficient
(FOE) estimators, we will need to use the concept of third order ef-
ficiency to discriminate among them. Then, we have to compare the
third order O(ZT""!) terms of the asymptotic expansion. The natural
question to ask is if the MLE, that under some regularity conditions
is FOE, is also TOE.

Under suitable conditions, the bias-adjusted MLE is TOE within the
class of RBAN estimators modified to be third order unbiased. This
result is discussed for ii.d. sampling, among others, by Ghosh and
Subramayan (1974) and Pfangzagl and Wefelmeyer (1978, 1979) for
cases where sufficient statistics exist. Akahira and Takeuchi (1981)
establish more general results for the multiparameter exponential fa-
mily. It proves the third-order efficiency of the extended MLE within
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the class of extended RBAN estimators modifies to be third order me-
dian unbiased, where an extended estimator means an estimator that
is a special type of function of a sufficient statistic. Takeuchi and Mo-
rimune (1985) generalize this result to the case of non i.i.d. sample in
the context of the multivariate normal regression model.

Of course, adjusted MLE is not the only optimal estimator. Any bias
adjusted estimator which has the same o(T~1) approximation to the
distribution function as the adjusted MLE, is also TOE. However,
these third order properties allow us to discriminate among FOE esti-
mators. For example, the three state least square estimator (3SLSE)
in the context of linear in variables simultaneous equations (LIVSE)
models is dominated in third order efficiency by the full information
maximum likelihood estimator (FIMLE) when both are properly co-
rrected for the bias (Takeuchi and Morimune 1985).

It is important to emphasize that we can not say anything about the
higher order efficiency of the MLE itself. The above results indicate
that, if we correct for the bias, the MLE is TOE. Then, it is neces-
sary to remark that corrections for the bias are essential if we want
to be able to compare asymptotically equivalent estimators by their
third order efficiency properties. In fact, the results in the literatu-
re comparing higher order expansions of the distribution of RBAN
estimators fail to establish an order among them (see, for example,
Anderson 1974 or Fujikoshi et al. 1982). However, there is a way to
obtain relative hagher order efficiency results avoiding the use of the
asymptotic expansions. The method was introduced by Robinson and
will be described in section 5. First, we will discuss a concept related
to it and which is also useful for making relative comparisons between
FOE estimators: the stochastic difference between estimators.

4. Stochastic order of magnitude of the difference between
estimators

A completely different method of comparing asymptotically equivalent
estimators is based on measuring how close alternative estimators are
to another estimator considered as optimal (the MLE for example).
One way of doing so consists in calculating the stochastic order of
magnitude of the difference between the estimator being studied and
the optimal estimator. This procedure is especially useful when there
are different forms, from the computational point of view ( Newton-
Raphson, Gauss-Newton, etc.), to approximate a particular estimator,
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and we want to compare how good the approximations at each iteration
are. But it could also be applied to compare any kind of asymptotically
‘equivalent estimators.

DEFINITION 4 Let 9T ~adnd éT be two consistent estimators of the true
parameter, 8,. If 07 —07 = Op(lr), we will say that I7 is the stochastic
order of magnitude of the difference between 67 and f7. That is:

Ve > 03C > 0, 3T, such that P[||fy — 87| > Olr) <e VT > T,

The stochastic difference I7 does not provide an absolute measure of
“the goodness” of an estimator. It only establishes how close an esti-
mator is to a target estimator. But with this information we can set
up an order within alternative estimators.

There are few references in the econometric literature about this topic
before Robinson (1988). The concept had mainly been used to study
whether the order of the difference between estimators was small enough
to allow for the use of some asymptotic results in establishing the
asymptotic distribution of an estimator. However, there was no special
interest in calculating the specific value of lp. One exception is Sargan
(1964a) which, in the context of simultaneous equation models, esta-
blishes that the stochastic order of magnitude of the difference between
the full information maximum likelihood estimator (FIMLE) and the
three stages least squares estimator (3SLSE) is Op(T~!). In a similar
context, Robinson (1988) proves that the stochastic difference between
the pseudo maximum likelihood estimator (PMLE) and the minimum
distance estimator (MDE) is Op(T_%), meaning that, for large enough
T, the MDE is a better approximation to the PMLE than the 3SLSE.

Robinson (1988) also provides the stochastic order of magnitude of
the difference for a wide variety of estimators, especially for many of
the iterative procedures suggested in the econometric literature. He
improves the result of Hosoya and Taniguchi (1982) about the order
of magnitude of the stochastic difference between the k-th iterated
Newton-Raphson estimator and the PMLE. Besides the comparisons
among different estimation procedures, Robinson (1988) establishes a
general simple rule to obtain the order of magnitude of the difference
between estimators.

THEOREM 1 Let fr(f) and gr(f) be two functions such that, eva-
Iuated at 7 and Or respectively, they are zero, that is: fr(6r) =0
and gr(61) = 0. Let N(e) be a neighbourhood of the parameter to
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be estimated 0y, N(e) = {0 : ||0 — 6p|| < €}. Under the following
assumptions:

A.1 fr(0)has a zero in O, such that

éT =0y + Op(l).

A.2 gp(8) has a zero in O, such that
éT =6y + Op(l)

and for some ¢ > 0 the derivatives Gr(6) = Zgr(0) exist in the
neighbourhood of 8y, N(e), and verify that V6 > 0,

hrn lim P[ sup ||Gr(f) —Gr(6o)]] > 6]=0
—0T—00 9EN(e)

Gr(bp) = G +0p(1), G nonsingular.

Then
br — 01 = Oy (Il fr(br) - gr@n)ll) = 05 (Jlgr ()1

The theorem says that the stochastic order of magnitude of the diffe-
rence between two consistent estimators can be obtained as the order
of magnitude of the function that serves to determine an estimator, but
evaluated in the other estimator. Thus, to calculate such differences,
it is not necessary for the estimators to have explicit form.

The estimating functions fr(#) and gr(#) might arise from differentia-
ting the likelihood or other objective function. One sufficient condition
for the double limit condition in A2 is that Gr(8) is uniformly conti-
nuous in large T with probability arbitrarily close to one.

ExAMPLE: The stochastic difference between the PMLE and the MDE
(Robinson 1988).

Consider the linear in variables simultaneous equation system AXp =
Ur, where A = (B,C) is the matrix of parameters, X7 = (Y1, Zr)
the matrix of observations and Ur the matrix of residuals. Suppose
that the parameters of the system are a function of an unrestricted
parameter vector 8, i.e., B = B(#) and C = C(6), and let Il = —B~'C
be the parameters of the reduced form of the system Yy = Z7IT' + V.
We suppose that the classical assumptions for this type of models hold.
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The MDE and the PMLE estimators are the solutions of the estimating
functions

/ ~
gr(0) = tr4 ( III ) gITXl’A'B-l’Q;lB-l and

!
fr(0) = tra, ( I} ) Z1&r yp-vg-1p-1
T
where A, = (8/06;)A, 0; being 6s ith element and Qr is the estimator
of the covariance matrix of the reduced form disturbance, {2, calculated
from the ordinary least square residuals, 1e Qr = T'1177’J7T, with
VT YT ZTHT and HT YTZT( ZT)

It is quite simple to prove that the estimating functions verify as-
sumptions Al and A2. Then, the stochastic order of magnitude of the
difference between the PMLE and the MDE can be calculated from
the order of magnitude of

gPMLE\_ . (oPMLEY _ o B-17 il ZrXT 3151 =11
fr(br )=gr(0r )=tr v\ T Q7 -Q7)

where ~ indicates evaluated at 67MLF, As

B4, ( I ) ZT;(TA’B‘V Oy(T"Y2)  and

Q7! -7t = 0p(T7?)
we can conclude that

6FMEE — 6P = Opllfr(OFMEF — gr(07P)II) =
Op(T™V)0RT™) = Op(T72).

As Rothenberg(1984) suggests, if the stochastic difference between two
estimators is of a given order, it is reasonable to suppose that their
distribution functions also differ by that order. Unfortunately, there is
not a direct connection between both statements. Therefore, another
way of comparing asymptotically equivalent estimators with respect to
an optimal estimator would be to compare how close their distribution
functions are. We will discuss this approach in the next section, where
we will establish the concept of higher order relative efficiency between
estimators and also, we will explain the method proposed by Robinson
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(1988) for carrying out this type of comparison which is based on the
proof of the previous theorem.

5. Comparisons of Relative Higher Order Efficiency

As we have seen in section three the study of higher order efficiency
requires, first of all, that the distribution function of the estimators
under consideration admits an Edgeworth approximation, which re-
quires a complex proof to show that the error committed is of the
required order, i.e., that the approximation is valid. Secondly, to have
a higher order efficient statistic or to demonstrate that two statistics
are ordered with respect to higher order efficiency often entails so-
me corrections for median bias. Furthermore, comparisons of relative
efficiency between two estimators, performed for finite samples and
based on the corresponding Edgeworth approximations do not usually
establish definite conclusions.

Robinson, in the paper mentioned in the previous section, introduces a
simpler method for establishing the closeness between the distribution
functions of two estimators related to the proof of theorem 1. In
other words, the method provides a way of checking up to which order
two estimators have the same higher order relative efficiency. The
advantage of this procedure is that, in order to make the comparison,
it is not necessary to assume the existence of the Edgeworth expansion
nor is it necessary to perform bias corrections. On the other hand,
its main inconvenience is that this procedure does not allow us to
obtain conclusions as to whether an estimator is third order efficient or
not, in the sense of determining whether it maximizes the probability
of belonging to a convex set containing the origin within a class of
estimators. The information provided by the procedure is the order
up to which the distribution functions of two statistics coincide and
therefore have the same efficiency up to that order. We shall begin
by establishing when can we say that two estimators of a vector of
parameters have equal efficiency of a certain order and then, we shall
set up two theorems giving sufficient conditions for equal higher order
efficiency.

DEerFINITION 5 Two estimators 9T and 971 of a vector of parameters

8o(p x 1), have equal (r + 1)-th order efficiency if ¥r > 0, integer:
lim {T%|P [VT(br —9,) € A| - P [VT(Br - 6.) € 4]|} =0 [11]
T—00

for all compact convex subsets A C RP. That is, the difference between
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both probabilities is o(T~%).

The main contribution of Robinson (1988) to higher order efficiency
theory is to provide sufficient conditions for [11] to hold. Using them
we can avoid calculating the higher order asymptotic distribution of
the estimators and therefore we can show the equal higher order ef-
ficiency between them without having to assure the existence of the
Edgeworth expansions. These conditions are presented in the next
theorem.

THEOREM 2 ' The conditions

(i) VT(B7 — 8,), admits a density function that is bounded uniformly
in large T.
(i)
Jlim T3P [T%-l log VT||r ~ brl| > 1] = 0 [12]
—00

are sufficient for O and 87 to have equal (r + 1)-th order efficiency.

The proof of this theorem is based on bounding the difference of pro-
bability given in equation [11].
PROOF:

PNT(br-6,) € A=

PNT(br-6,) € AANVT(f7—6,) € AU Ay
+PVT(Or—0,) € AAVT(Br—0,)¢ AUAs  [13]
where As is a reduced §-neighbourhood®® of A, and therefore, A and

As are disjointed, and if \/T(OAT -0,) € A and \/T(GT - 0,) ¢
AUAs = \/T“9T - 9T” > 6.

We can, therefore, write [13] as:
PVT(87—6,) € Al < PIVT(8r-6,) € AUAs)+P|VT||fr—67] > 6]
that is:

PWT(0r - 6,) € A] - PIVT(Br - 6,) € A] <

PVT (07 — 8,) € As) + P[VT||6r — 87| > 6. [14]
**Forms part of Theorem 7, p.538, Robinson (1988)
1We call A5 = {z € R?|| 0 < d(z, A) < 6} areduced §-neighbourhood of a compact

subset A C R?, where d(z, A) indicates the distance from the point z to the subset
A.
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On the other hand, if /T(fr — 6,) satisfies condition (i), the term
PVT(0r - 6,) € Ag,-} is O(6), since for a sufficiently large T we can
find a value M such that P[\/T(éT —0,) € As] < §M. Choosing
§ = T~"?(log/T)~1, the first term of the right hand side of the
inequality [14] is of the required order and from condition (ii), the
second term is tooe

To summarize, in order to prove that two estimators have the same
(r+1)-th order efficiency, it will be sufficient to prove that they satisfy
conditions (i) and (ii) of theorem [2].

Condition (i) excludes lattice distributions. Condition (ii) is sufficient
for b — 07 = o,(T~"+1)/2), which implies 7 — O = Op(T~%?) if o <
r+ 1. But the theorem does not say that a given stochastic difference
is necessary or sufficient for a certain level of efficiency equivalence.
Nevertheless there is a close relationship between the O, results and
the degree of equal higher order efficiency. In general, Op — 0p =
Op(T~%/?) and r+1 < « suggest, under suitable additional conditions,
equal (r + 1)-th order efficiency. This condition (ii) may be verified
using the following theorem.

THEOREM 3 Let N(¢) = {8 : ||0 — 8,|| < €} and let O and 81 be
estimators of 8, which satisfy the assumptions A.1 and A.2 of theorem
1. The conditions:

P[T%i log VT ||g7 (07| 25]“‘ = o(T%)
Pldr ¢ N()] = o(T%)

and
Pl ¢ N(e)] = o(T™?)

are sufficient for

lim T%P [T log VT||or — b7l > 1] =0
T—oo

The theorem is based on the proof of theorem 1.

PROOF:

Let fr(8) and gr(8) be the estimating functions of § and 8, which
satisfy assumptions A.1 and A.2. Choosing € > 0 to satisfy A2, with
probability arbitrarily close to one, for a sufficiently large T, and all
T >T,, § and 7 belong to N(e) and there exists a G such that:

~

gr(br) = Gr(br - 07). [15]



494 INVESTIGACIONES ECONOMICAS
where G = G + 0,(1). From [15]

P(lor - brl >1) < P16 lgz(br)] > 1]
_||9T(9T)|| > |Grll AlGrl| > 6]
llgr@o)l > |Grll AGrll <]

llgr@o)l > ] + P[IGl <e]. 16

N+
T w 9w

On the other hand, if f7 and 67 € N (e) = Gr >¢. Then

P(I|Grll <€) < P (br ¢ N(e)) + P (67 ¢ N(e))

therefore

P(T% 1ogVTlor ~brl| >1) < P(TF logVTllgr (@)l 2 ¢)
+P (éT ¢ N(e))
+P (éT ¢ N(s)) . [17]

Then, a sufficient condition for the left hand side to be o(T~%)is that
the three terms of the right side of this inequality are of that order -

From the previous theorems we can conclude that in order to prove
that O7 and A7 have equal (r + 1)-th order efficiency, one has to prove
that, for large enough T, v/T (éT —6,) has a bounded density function,
and that the three conditions of theorem 3 are o(T~%). This procedure
allows us to prove that two estimators have the same relative higher
order efficiency, without having to carry out asymptotic expansions or
having to correct for the bias. This means that, although it may be
a laborious task to prove the conditions established in theorem 3, this
method represents a great simplification with respect to the traditional
way of making higher order efficiency comparisons. Furthermore, this
method permits comparisonsof relative higher order efficiency up to
any order.

When we have a reference estimator considered as optimal we can
choose among alternative FOE estimators by calculating the relative
higher order efficiency of each of them with respect to the optimal.
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Making use of this argument, Robinson, in the LIVSE context, pro-
ved that the Minimum Distance estimator (MDE) has the same se-
cond order efficiency as the Pseudo Maximum Likelihood estimator
(PMLE). Prada (1996) extended Robinson’s result to the (k — 1)-th
iterated MDE, proving that it has the same k-th order efficiency as
the PMLE.

As we mentioned earlier, Takeuchi and Morimune (1985) proved that
in the LIVSE model the 3SLSE is third order inefficient. It is well kno-
wn that iterating the estimator (I3SLSE) it does not converge to the
PMLE!®. However Morimune and Sakata (1993) proposes a modified
3SLS (M3SLS) that is third order efficient. The word 'modified’ does
not refer correcting for the bias!” and it seems more natural to call it
four stage least square estimator (4SLSE) because it is defined as fo-
llows: first estimating the 3SLSE and them reestimating not only the
structural form residual covariance matrix as in the I3SLSE but also
the estimator of the reduced form parameters. This result implies that
4SLSE has the same higher order efficiency as the first-iterated MDE.
It would be interesting to compare the (k — 1)-th iterated MDE with
I3SLSE, but considering iterations in the sense defined by Morimune
and Sakata.

ExAMPLE (Robinson 1988) The PMLE and the MDE have the same
second order efficiency.

Let M2 and 6EMLE be MDE and the PMLE defined as in example
2. The estimators satisfy assumptions A.1 and A.2, therefore the con-
dition (a) vT(6MP — 8,) admits a density that is bounded uniformly
in large T, (b) P67™"% ¢ N(e)] = o(T~1/?), () P[6)° ¢ N(e)] =
o(T~1/?), and (d) P[T log VT |gr(65**7)|| > €] = o(T~*/2), are suf-
ficient for both estimators to have the same second order efficiency.

For any € > 0 there exists a § > 0 such that
POFME ¢ N(e)) < G [PIIT™" 2021 - B(22)] > 6]

+P“IT~1V’1I"0VT0 - Q” _.>. 6] [18]
+P{| T 2, Vo > 6]

YThe stochastic order of magnitude between the PMLE and the k-th iterated
3SLSE is also Op(T™?), as for k = 1.

In fact, in this case, bias correction is not necesary because M3SLE and FIMLE
have the same second order term of their asymptotic expansions and therefore a
bias correction is unnecessary.
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PIYP ¢ NE) < G [PUTZr2r — Badd)] 2 4

+P[“T—1VCZ/"0VT0 - Q“ 2 5]

+P(T 25V > 19

P[Tlog VT lgr(87"*F)]| 2 €]
< G [PITIogVIIT 24Vl 2 8] + oT/)]  [20]

The zero subscript indicate evaluated at 6,. By Markov’s inequality,
with proper assumptions about the moments of z; and vy, and making
use of Von Bahr and Esseen inequality, one can prove that the right
hand sides of [18], [19] and [20] are o(T~1/2).

6. Conclusions

To discriminate among FOE estimators we use the concept of higher
order efficiency which is usually based on the Edgeworth-type expan-
sion of the estimator distribution function. Therefore, we have to res-
trict attention to the class of FOE estimators that admits stochastic
expansion (RBAN). An estimator is said to be higher order efficient if
it is maximally concentrated about the true parameter value, using the
higher order approximation to its distribution function. In general, for
this estimator to be found, it is necessary to adjust it for the bias to
make it AMU.

As in the class of RBAN estimators, any adjusted for the bias FOE
estimator is also SOE for establishing an order among them we need
to compare third order terms of the asymptotic expansion of their
distribution. The difficulties of this procedure arise from the need
to calculate the Edgeworth expansion and, what is more complex, to
prove that the expansion is valid.

Another way to compare FOE estimators is using the concept of relati-
ve higher order efficiency, which consists in obtaining the degree up to
which the distribution functions of two estimators coincide. Robinson
(1988) provides a method which does not need the higher order ap-
proximations for the distribution functions to be calculated (i.e. you
do not need to assume the existence of the Edgeworth expansions).
Moreover, the procedure permits a direct comparison of the estima-
tors without having to make corrections for the bias. But with this
method we can not say if an estimator is the best within its class.



SOME METHODS FOR COMPARING FIRST ORDER 497

In conclusion, both procedures provide different information about the
higher order properties of estimators. Therefore, it is not possible to
say which procedure is the best, but Robinson’s approach seems to be
the simplest for carrying out higher order comparisons.
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Resumen

 En este articulo revisamos algunos métodos para comparar estimadores asin-
téticamente equivalentes, los principios de la teoria asintdtica de orden supe-
mor y diferentes procedimientos para calcular la aprozimacion de Edgeworth
a funciones de distribucion. Discutimos diferentes formas de determanar el
grado de prozimidad entre estimadores: comparando directamente los esti-
madores o partir de la diferencia estocdstica entre los mismos y comparando
la prozimidad entre sus funciones de distribucién. En este dltimo contexto
presentamos el resultado de Robinson (1988) que simplifica notablemente las
comparaciones ya que no es necesario calcular las aprozimaciones de orden
superior.



