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LOCATION AS AN INSTRUMENT FOR SOCIAL
WELFARE IMPROVEMENT IN A SPATIAL MODEL
OF COURNOT COMPETITION
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Two-stage models are the main frameworks in the analysis of oligopolistic
competition. Literature has discussed some properties of such models when
Cournot competition occurs in the second stage and assuming a non-spatial
context. It ﬁnds that private and social optima are asymmetric. Using spatial
behavior with multiple marketplaces, the outcome is dierent. A social planner can use the location variable as an instrument for reallocating production
from the equilibrium spatial pattern to the optimal outcome while maintaining
the symmetry of the model.
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1. Introduction
In this work we try to contribute a little more to the analysis of welfare properties of imperfect competition by studying the welfare properties of location models1 . Oligopoly models where ﬁrms take prior
actions which later aect their marginal costs have long been analyzed
by economic literature. Some researchers within this literature have
discussed an interesting property in the theory of Cournot equilibria
that arises because of the way aggregate production costs change in
response to changes in the cost structure of the industry.
This property says that, in Cournot games where ﬁrms produce at
constant marginal costs, the industry output and the industry price
The authors wish to thank two anonymous referees and Antonio Cabrales for their
helpful comments. Also, support from PGIDIT03PXIC30002PN (Xunta de Galicia) and BEC2002-04102-C02-01 (Ministerio de Educación y Ciencia and Feder) is
grateful acknowledged.
1
Luis Corchón (1996, p. 61) makes an extensive analysis of welfare and Cournot
competition, showing the main results within this topic.
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that solve the ﬁrst order conditions for a Cournot-Nash equilibrium
depend only on the sum of the ﬁrms’ marginal costs, and not on their
distribution across the ﬁrms, provided the Cournot equilibrium is interior. This property has been studied, among others, by Dixit and Stern
(1982), Katz (1984) or Bergstrom and Varian (1985a). An immediate
implication of this is that increases in social welfare (consumer surplus
plus producer proﬁts) will result if and only if the change in the vector
of marginal costs induces a reduction in aggregate production costs.
Bergstrom and Varian (1985b) go more deeply into the above property
and show that aggregate production costs are a decreasing function
of the variance of the marginal production costs across the ﬁrms in
the economy. This implies that aggregate production costs will be
maximized whenever every ﬁrm has the same marginal cost. So, a
social planner will then try to maximize the dierence between ﬁrms’
marginal costs in order to increase the social welfare in the economy.
As Salant and Shaer (1999) point out, given Bergstrom and Varian’s results and disregarding equity considerations, the asymmetry in
Cournot models could then have both social and private advantages.
Moreover, they also conclude that the above properties have important
implications for two-stage models. It is well known that identical ﬁrms
playing a Cournot game, as it is commonly considered by economists,
after simultaneously taking actions in the ﬁrst stage that aect the
second-stage, marginal costs generally give rise to identical actions in
the ﬁrst stage. However, by taking into account Bergstrom and Varian (1985b)’s conclusion, an asymmetric behavior in the ﬁrst stage is
required to maximize social welfare. This implies that the symmetric restriction considered in those models and used for the reason of
simplifying the analysis may be non-innocuous2 .
In this circumstance, a social planner who cares about the social welfare of economic agents may be interested in subsidizing some ﬁrms in
order to impose an asymmetry in the market. The government may
be then forced to help some ﬁrms to the detriment of other ﬁrms, generating an equity problem that may be misunderstood by them. For
example, as Salant and Shaer (1999) point out, in the context of a
learning-by-doing model, governments are often pressed to help their
2

Salant and Shaer (1999) analyze two set of examples of two-stage models with
Cournot competition at the second stage where asymmetry can be introduced in
the ﬁrst period. In the ﬁrst set of examples, asymmetries are introduced without
cost and, in the second set, asymmetries in marginal costs are costly to introduce.
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own domestic ﬁrms to move along the learning curve ahead of foreign
competitors so that domestic ﬁrms can operate at a cost advantage in
the future.
The above analysis of Bergstrom and Varian (1985a,b) and Salant and
Shaer (1999) is examined in the context of a traditional non-spatial
economy. However, the conclusions of the single market approach do
not extend to location models. According to location theory, ﬁrms’
sales mainly occur between dierent locations in the space. Also, according to location theory, ﬁrms must decide their plants’ location
from which to serve demand. This implies that a location decision
actually carried out by a ﬁrm which tries to move close to a given city
may aect the social welfare in all the cities involved.
In a spatial world, however, the assumption of a single market must
then be relaxed insofar as ﬁrms choose locations and serve a product
to multiple market places. Moreover, considering multiple marketplaces contributes new and interesting properties to the welfare analysis, which, to our knowledge, have not yet been studied. Contrary to
the single market approach, although we consider a symmetric behavior with identical ﬁrms, we show that social welfare can be improved
by a social planner avoiding any equity problem. Firms obtain identical proﬁts at the optimal locations and markets have the same level of
social welfare. Thus, this result is sharply dierent from that derived
in non-spatial economies.
More precisely, we consider a two-stage game where Cournot-type
duopolists discriminate over two marketplaces. Consumers are then
found in concentration at two discrete locations, such as cities joined by
a major highway. Spain, and indeed much of the world, abounds with
examples of such city-pairs. Examples include Barcelona/Valencia and
Madrid/Bilbao. Moreover, ﬁrms locate at a site between both ﬁrms
and serve both cities from it.
In the ﬁrst stage of the game, ﬁrms decide their locations in the market
non-cooperatively and Cournot competition occurs in the second stage
of the game. We focus on the case where ﬁrms do not incur any
production costs and the marginal transportation costs are constant
(see, for example, the solution of this location problem in Hwang and
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Mai, 19903 , or Anderson and Neven, 19914 ). We also consider the
minimal assumptions on the inverse demand function to secure the
existence of an interior solution, avoiding any speciﬁc functional form
for it.
This paper demonstrates that, unlike the case of single market context, if some type of coordination is possible at the ﬁrst stage (a social
planner, for example), the economy can achieve its social and private
optimum while maintaining the symmetry of the model. Note that
we are considering the problem in which a social planner can regulate ﬁrms’ locations but not their quantities5 . We also show that the
principle of maximum dierentiation prevails in the social optimum
solution.
The model presented here is developed in a spatial (geographical) context. However, it has a remarkable analogy in the context of the
economics of product selection. The paper can therefore also be seen
as a contribution to the literature on the latter problem. In this regard Lederer and Hurter (1986) and Anderson and de Palma (1988)
among other authors have suggested that this spatial model with price
discrimination can be interpreted as a model of product location in a
space of characteristics. A consumer’s geographical location may be
interpreted as his optimal product speciﬁcation, and the ﬁrm’s location becomes the standard product technology of the ﬁrm. The ﬁrm
oers the consumer’s optimal product speciﬁcation by incurring a cost
of adapting the standard product (analogous to transportation costs),
which cost depends on the location of the standard and the desired
product.
This new interpretation allows further discussion on policy implications. For example, one important aspect of the duopoly competition
3
Hwang and Mai (1990) study the eects of spatial price discrimination on output,
welfare, and location of a monopolist in a two-market economy. They conclude that
with linear demand curves the monopolist locates in one of the two markets and
that total output under discriminatory pricing is less than that under mill pricing.
4
Anderson and Neven (1991) solved the location game by considering two ﬁrms
and consumers uniformly distributed on a segment. The authors showed that, for
linear demand and convex transport costs, competition among ﬁrms leads to spatial
agglomeration.
5
There are several works that have calculated the socially optimal locations in our
context where a social planner regulates ﬁrms’ locations but not their quantities
or prices, see, for example, Hurter and Lederer (1985), Lederer and Hurter (1986),
Hamilton et al. (1989), Hamilton and Thisse (1992) and more recently Pacheco
(2005).
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between Boeing and Airbus has to do with a trade-o between the
variables of speed and capacity. The two end-points of the product
space can be interpreted as the market for speed and capacity, respectively. According to this interpretation, the main result of this
paper suggests a justiﬁcation of the EU intervention to stimulate the
development of the recently-unveiled A380 super-jumbo by Airbus (located at the endpoint of maximum capacity). On the other hand, the
American Boeing has also received ﬁnancial help from the US government to develop the future Sonic Cruiser, which would be at the other
endpoint in the speed-versus-capacity space. Therefore, the intervention of both the European and the American governments could be
justiﬁed as a way of reaching overall welfare gains by stimulating the
principle of maximum dierentiation6 .
The paper is organized in the following way. Section 2 presents the
model. Section 3 analyzes welfare improvement for single-market models. Section 4 generalizes previous results for the spatial model. Section
5 analyzes welfare improvement in a two-marketplace model. Finally,
Section 6 concludes the paper.
2. The model
Following classical models in the theory of oligopoly, we consider a
duopolistic sector producing a homogeneous good and a competitive
sector producing a composite good which is taken as the numeraire.
We consider two ﬁrms that locate on a line between two dierent
markets denoted by D and E, each of which is located at a point7 .
Each ﬁrm serves both markets by shipping the homogeneous good
without fear of resale between markets. The markets are v miles apart
and are connected by a main road as shown in Figure 1. Market D is
located at point { = 0 and market E is located at point { = v.

6
The idea that the Airbus A380 and the Boeing Sonic Cruiser might be associated
to dierent market niches is suggested in The Economist, May 5th (2001, p.56) and
April 27th (2002, p.67).
7
We are assuming a su!ciently high ﬁxed cost so that only two locations or characteristics are feasible. Literature points out that the existence of ﬁxed costs (capital,
personnel, research and development, etc.) is a main factor that limits the spectrum of produced goods or locations (see, for example, Tirole (1989, p. 278). This
assumption also limits the eect of plant proliferation. We thus also focus mainly
on industries where ﬁrms set up only a single production plant (see, for example,
Phlips (1983)).

122

investigaciones económicas, vol xxx (1), 2006
FIGURE 1
Spatial market

We assume symmetric constant-return-to-scale technologies, i.e., both
ﬁrms produce at the same constant marginal costs. Then, without
loss of generality, the marginal cost can be set to zero. Let {1 and {2
denote the location of ﬁrm 1 and 2, respectively, for {l 5 [0> v] > l = 1> 2.
Then, ﬁrm l pays a transportation cost w{l (respectively, w (v  {l )) to
ship a unit of the homogeneous good from its own location to market
D (respectively, market E), for w A 0.
We will analyze a two-stage non-cooperative game with location choice
at the ﬁrst stage and Cournot competition at the second stage. As
usual, we solve the model by backward induction so that we ﬁrst characterize the equilibrium in the second stage for given locations.
Since marginal production costs are constant and arbitrage is nonbinding, quantities set at dierent markets by the same ﬁrm are strategically independent (no arbitrage). The second stage Cournot equilibrium can then be characterized by a set of independent Cournot
quantities, one for each of the two markets8 .
Let us ﬁrst calculate the Cournot quantities in the second stage, assuming the ﬁrms’ locations are given. At each market m, the inverse
demand is given by Sm = S (Tm ), where Sm is the market price and
Tm = t1m + t2m is industry output in the market, for m = D> E.
Under these assumptions, ﬁrm l0v proﬁts at market D and E are
 lD = S (TD ) tlD  w{l tlD and  lE = S (TE ) tlE  w (v  {l ) tlE , respectively.
Before we proceed further, we make two assumptions about demand.
Assumption 1: S 0 (Tm ) ? 0, for m = D> E.
Assumption 2: 2S 0 (T) + S 00 (Tm ) Tm ? 0, for m = D> E.
Assumption 1 requires simply that the inverse demand is downward
sloping. Assumption 2 is equivalent to assuming diminishing marginal
8

The structure of the general location game used in this paper with Cournot
duopolists who discriminate over space was ﬁrstly solved by Anderson and Neven
(1991).
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revenues, which ensures downward sloping reaction function and guarantees the existence of equilibrium in Cournot competition9 .
If we also assume that the Cournot equilibrium is an interior solution,
this is a solution where ﬁrms produce strictly positive output (i.e.,
tlm A 0 for l = 1> 2 and m = D> E)10 . Then, Cournot equilibrium at
each market is determined by the following ﬁrst-order conditions:

and

S (TD ) + S 0 (TD ) tlD  w{l = 0>

[1]

S (TE ) + S 0 (TE ) tlE  w (v  {l ) = 0=

[2]

Solving equations [1] and [2], we have:
w{l  S (TD )
>
S 0 (TD )

[3]

w (v  {l )  S (TE )
=
S 0 (TE )

[4]

tlD =
and
tlE =

From the above expressions, it is clear that tlm is independent of both
l and m when ﬁrms locate at the midpoint between both marketplaces,
that is, {1 = {2 = v@2.
3. The welfare in a single market
Before solving the ﬁrst stage of the game, we will analyze a property
of Cournot models that, as we will show, has interesting implications
for the social welfare of each market.
Proposition 1 Suppose the transportation costs of both ﬁrms at market m, for m = D> E, are rearranged in a way which preserves their sum
and results in a new Cournot-Nash equilibrium which is also interior.
Then, industry output Tm will be unchanged.
Proof. See proof in Appendix A1.
An implication that can be derived from Proposition 1 is that the
social welfare (the sum of consumer surplus plus industry output) in
9

These assumptions were previously used by Hahn (1962) in the context of dynamic
stability, Friedman (1982) in the analysis of existence and comparative statics, and
Novshek (1985) in the context of existence.
10
For example, in the linear model we must assume that S (0) is su!ciently large
to ensure an interior solution.
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a market will depend solely on the change produced in the aggregate
transportation costs, since total revenue and gross consumer surplus
are unaected. This is so because both industry revenue (Tm S (Tm ))
RT
and gross consumer surplus ( 0 m S (x) gx) depend only on industry
output (Tm ).
Proposition 1 is a well-known result in a context where transportation
costs are interpreted as marginal production costs. As some authors
have pointed out (see, for example, Dixit and Stern, 1982, Katz, 1984,
or Bergstrom and Varian, 1985a), in a single market model where q
ﬁrms with constant marginal production costs play a Cournot-Nash
game, if the vector of constant marginal production costs at a given
market is changed exogenously without altering the sum of its components, the industry output will not change11 .
Next, we derive the equilibrium output of each ﬁrm and the industry
proﬁt in terms of the industry output at each market. Find S 0 (TD ) in
equation [A1.1] and substitute it in equation [3]. Thus, the equilibrium
output of each ﬁrm at market D can be written as a proportion of the
industry output TD , that is,
¸
·
S (TD )  w{l
TD =
tlD =
[5]
(S (TD )  w{l ) + (S (TD )  w{2 )
From equation [A1.1], we can also derive the industry proﬁt at market
D which is given by the expression:
2

2

X
X
1
1
D =  1D +  2D = TD
w{l  T2D S 0 (TD ) 
w{l tlD
2
2
l=1

[6]

l=1

(we derive the industry proﬁt at market D in Appendix A2) where tlD
is the equilibrium output of equation [5].
Given equations [4] and [A1.1], the output of each ﬁrm at market E
is also a proportion of the industry output TE , that is,
·
¸
S (TE )  w (v  {l )
tlE =
TE > [7]
(S (TE )  w (v  {l )) + (S (TE )  w (v  {2 ))
11

See Salant and Shaer (1999) for an accurate analysis of this result and its implications for social welfare.
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and industry proﬁt in market E is then given by:
2
2
X
X
1
1 2 0
E =  1E + 2E = TE
w (v  {l ) TE S (TE )
w (v  {l ) tlE =
2
2
l=1
l=1
[8]
The above properties of Cournot models are examined in the context
of a single-market economy. Apparently, it is important to see whether
this result can be applied to a spatial economy with multiple markets.
By considering a spatial economy with multiple marketplaces, a new
element, the location variable, is incorporated in the analysis, which
may be used by a social planner who maximizes the global welfare of
the economy.

In the next section we study the implications of Proposition 1 in a
spatial context with two separate markets.
4. The welfare in the spatial model
Let us consider now two marketplaces for given ﬁrms’ locations {1 and
{2 . The global welfare
R T is then the sum of the global
R T of the economy
consumer surplus ( 0 D S (x) gx+ 0 E S (x) gx) plus the global proﬁts
(D + E ).
A reallocation of any ﬁrm (say ﬁrm 1, {1 + 4{) will aect as much
the sum of the marginal transportation costs at market D (w{1 +
w{2 ) as the sum of the marginal transportation costs at market E
(w (v  {1 ) + w (v  {2 )). So, the property of invariable industry output
at both market (TD and TE ) is maintained so long as the change in
the location does not simultaneously modify the values of w{1 + w{2
and w (v  {1 ) + w (v  {2 ). That is, w{1 + w{2 = w ({1 + 4{) + w{2
and w (v  {1 ) + w (v  {1 ) = w (v  {1  4{) + w (v  {2 ). In this case,
the global welfare in the economy will depend only on
P2the sum of
the aggregate production costs at markets D and E ( l=1 w{l tlD +
P
2
l=1 w (v  {l ) tlE ), where tlD and tlE are the Cournot equilibria of
equations [5] and [7].
Given the characterization of the equilibrium in the second stage, we
now consider the duopoly’s localization decisions in the ﬁrst stage. In
the ﬁrst stage, ﬁrm l chooses its location, {l 5 [0> v], to maximize its
proﬁt, taking as given the location of the rival ﬁrm. Let us denote
by {W1 and {W2 the Nash equilibrium locations, assumed to exist. For
example, assuming linear demands, ﬁrms locate at the center of the
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market ({W1 = {W2 = v@2). This result is demonstrated in the following
proposition in the general framework of q ﬁrms.
Proposition 2 For linear demand, S (Tm ) =   Tm , for m = D> E,
and  A qwv, the location equilibrium in the oligopoly game with n
ﬁrms implies that ﬁrms locate at the center of the market, {W1 = v@2,
for l = 1> ===> q.
Proof. See proof in Appendix A3.
Given that the marginal transportation costs incurred by the ﬁrms to
ship the output to both markets depend on their location, the Nash
equilibrium location will then determine the level of welfare at the
second stage of the game. Let’s now turn to the problem of whether
or not this level of social welfare at the subgame perfect equilibrium
can be improved while maintaining the global output constant. In the
next section, we demonstrate that this is possible just by using the
location variable and maintaining the symmetry of the model.
5. The welfare at the subgame perfect equilibrium
From equations [6] and [8], we can compute the global equilibrium
proﬁts. These proﬁts are given by the following expression:
2

2

X
X
1
1
1
w{Wl  (TWD )2 S 0 (TWD ) + TWE
w (v  {Wl )
W = TWD
2
2
2
l=1

l=1

1
 (TWE )2 S 0 (TWE ) 
2

2
X

w{Wl tlD 

l=1

2
X

w (v  {Wl ) tlE =

[9]

l=1

Moreover, we can also compute the global equilibrium consumer surplus. This equilibrium surplus is given by the expression:
Z
FV W =

0

TWD

Z
S (x) gx +

0

TWE

S (x) gx=

[10]

From the equilibrium global proﬁts and the consumer surplus, we then
obtain the equilibrium global social welfare of the economy which is
given by Z W = FV W + W .
Our interest is two-fold. First, we ask ourselves whether or not the
global equilibrium welfare is also optimal from the viewpoint of social
welfare. Second, if it is not, then whether or not the welfare improvement can be achieved while maintaining the symmetry of the model
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and without discriminating between the ﬁrms. As we mentioned in the
introduction to the paper, the optimal solution in the single-market
model implies that ﬁrms obtain dierent proﬁts.
We will focus our analysis on studying symmetric Nash equilibrium
locations. These are location patterns such that:
Assumption 3 w{W1 = w (v  {W2 ) and w (v  {W1 ) = w{W2 .
The above assumption would imply that {W1 + {W2 = v (see Figure 2).
FIGURE 2
Symmetric locations with linear transportation costs

Under Assumption 3, the sum of marginal transportation costs at both
marketplaces satisﬁes:
w{W1 + w{W2 = w (v  {W1 ) + w (v  {W2 ) = wv=

[11]

We cannot exclude the possibility of the existence of asymmetric Nash
equilibrium locations. However, given the symmetry of the model,
asymmetric equilibriums may be improbable. We assume, without
loss of generality, that {W1  {W2 , i.e., ﬁrm 1 is closer to marketplace D
than ﬁrm 2, whereas ﬁrm 2 is closer to marketplace E than ﬁrm 1 (see
Figure 2). From Assumption 3 and expression [9], the global proﬁt of
the economy is derived in the following proposition.
Proposition 3 The global proﬁt is
¯
¯ w2 (v  2{W1 )2
>
W = (TW )2 ¯S 0 (TW )¯ +
|S 0 (TW )|
where TW = TWD = TWE .
See proof in Appendix A4.
Proposition 3 implies that the impact on the global proﬁts of reallocating ﬁrms, while maintaining the sum of marginal transportation costs
at both marketplaces, depends only on the term (v  2{W1 ). This term
represents the level of dispersion between ﬁrms (v  2{W1 = {W2  {W1 ),
which is positive since we have assumed that {W1  {W2 . Thus, the global
proﬁt is maximized when {W1 = 0 and {W2 = v, that is, when a single
ﬁrm is located in each market. From Proposition 3 we can state the
following corollary.
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Corollary 1 Given symmetric Nash equilibrium locations, {W1 and
{W2 .
a) Suppose that the locations of both ﬁrms in the economy are
rearranged in a symmetrical way, {1 and {2 , which v = {1 +
{2 . Then, if {1 ? {W1 , the global welfare and the global proﬁts
increase after the rearrangement (provided the induced Cournot
equilibrium is interior).
b) Suppose the symmetric Nash equilibrium locations are {W1 = 0
and {W1 = v. Then, the global welfare and the global proﬁts
cannot be increased by relocating both ﬁrms in a way which
results in a dierent symmetric conﬁguration (provided the induced Nash output is interior).
Corollary 1 states a su!cient condition for social welfare improvement
in the spatial economy. It says that all symmetric Nash solutions of
the two-stage game where ﬁrms 1 and 2 do not locate at marketplaces
D and E, respectively, are not optimal solutions from the point of view
of a social planner who maximizes the welfare of the economy.
In the linear model, for example, as we proved in Proposition 2, the
only Nash equilibrium locations are {W1 = {W2 = v@2. That is, ﬁrms
concentrate at the midpoint between both marketplaces (principle of
minimum dierentiation). In this equilibrium conﬁguration, the global
welfare is not maximized, and a social planner can increase it by dispersing ﬁrms and locating them close to the markets.
The intuition behind this result is as follows. In the competitive framework, there exists a negative externality among the ﬁrms at the location stage. This negative externality is explained by the fact the variables used by the ﬁrms (quantities) are strategic substitutes, in the
terminology used by Bulow et al. (1985), which creates a unilateral
incentive to reach a commitment to become more aggressive, in order
to emulate a Stackelberg leader. In the competitive framework this
aggressiveness is undertaken by moving towards the center in order
to obtain a strategic advantage. However, since this incentive is symmetric both ﬁrms end up with lower proﬁts than if each ﬁrm is forced
to remain at one of the end-points of the space. However, the opposite
occurs when a social planner tries to maximize the social welfare of the
economy. The optimal solution involves the dispersion of production.
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Corollary 1 also concludes that, among all symmetric spatial conﬁgurations, the global welfare and the global proﬁts of the economy are
maximized at the spatial conﬁguration where a single ﬁrm is located
in each market, that is, {1 = 0 and {2 = v (principle of maximal
dierentiation), contrary to the Nash competitive solution.
As a ﬁnal conclusion we can say that, given a symmetric subgame
perfect equilibrium where {W1 6= 0 and {W2 6= v, a net beneﬁt can be
achieved with an equal treatment of ﬁrms and by using location as
an instrument. Thus, in a spatial model with two marketplaces, the
social planner can increase the global proﬁt and the global welfare of
the economy without discriminating between ﬁrms, just by reallocating
the ﬁrms, locating each ﬁrm at a dierent marketplace.
From the point of view of each market, ﬁrms’ marginal transportation
costs are dierent (w{1 6= w{2 and w (v  {1 ) 6= w (v  {2 )) after the
reallocation, and it is in this context that we cannot say ﬁrms are
symmetric. However, from the point of view of the global economy,
we can say that ﬁrms are symmetrical since, by interchanging ﬁrms’
location, ﬁrms’ proﬁts do not change.
This result can be compared with that obtained in the single-market
model. In a wide variety of two-stage games with a single market,
since ﬁrms are ex ante identical, the subgame-perfect equilibrium will
be symmetrical (see some examples in Funderberg and Tirole, 1983).
Bergstrom and Varian (1985b) demonstrate that aggregate costs of
ﬁrms are maximized when every ﬁrm has the same marginal cost,
concluding that the asymmetry between the cost structures of ﬁrms
have social advantages. Therefore, they conclude that a social planner
constrained to intervene in the ﬁrst period could improve the welfare
on/of the market by imposing dierent marginal production costs on
the ﬁrms. Thus, to intervene optimally, an unequal treatment of identical ﬁrms would be required, with the subsequent equity problem.
However, we show that in a context of product dierentiation, we can
drive Nash equilibrium locations to the socially optimal locations while
maintaining the level of global output and the symmetry of the model.
Next, we compute the welfare gain experienced by the economy when
a social planner reallocates ﬁrms from a symmetric Nash equilibrium
conﬁguration, {W1 6= 0 and {W2 6= v, to the socially optimal spatial
conﬁguration, {01 6= 0 and {02 6= v, assuming that at both spatial conﬁgurations the corresponding Cournot equilibria are interior.
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The change produced in the social welfare with the reallocation of both
ﬁrms is two-fold. First, ﬁrm 1 moves its production from location {W1
to the marketplace D, generating a cost saving, and, at the same time,
ﬁrm 2 moves away from market D, so that this ﬁrm loses a share of its
sales in market D to the beneﬁt of ﬁrm 1, also making a cost saving.
Moreover, since locations are symmetrical, ﬁrm 1 increases its sales
in market D to the same extent that ﬁrm 2 reduces its sales in this
market. Second, the market share that ﬁrm 2 maintains in market D
must be shipped from market E, generating a cost increase.
All these cost savings and losses in the transportation costs deﬁne the
welfare increase in the economy after the reallocation. Given Proposition 3, this welfare increase can be written as:
4Z ({W1 ) = Z 0  Z W =

4w2 {W1 (v  {W1 )
=
|S 0 (TW )|

[12]

With a linear demand (S (T) =   T), since {W1 = {W2 = v@2, we obtain 4Z = w2 v2 @. By dierentiating 4Z with respect to w> C4Z
Cw =
2wv2 @ A 0. For arbitrary values of the parameters this derivative is
always positive. Thus, decreasing marginal transportation costs will
reduce the beneﬁts of reallocating ﬁrms from the Nash solution (minimal dierentiation) to the socially optimal solution (maximal dieren2
tiation). By dierentiating 4Z with respect to v> C4Z
Cw = 2w v@ A 0.
For arbitrary values of the parameters this derivative is also positive.
Thus, closer cities also reduce the beneﬁts of reallocation.
An implication of this is that in a situation where marketplaces are very
close, an economic policy of reallocation and infrastructure improvement may result in a low beneﬁt after the reallocation. If, in addition,
there are some reallocation costs, it is possible that the change will
not take place12 .
6. Conclusions
Using a two-stage game where Cournot-type duopolists discriminate
over two marketplaces, this paper demonstrates that unlike the case of
a single market context, if some type of coordination is possible at the
ﬁrst stage (a social planner, for example), the economy can achieve
the social and private optimum while maintaining the symmetry of
12

The consideration of reallocation costs is outside the scope of this paper. This
problem has been analyzed by Salant and Shaer (1999) in a spaceless context.
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the model. That is, both ﬁrms obtain the same proﬁts at the optimal
locations and both marketplaces have the same level of social welfare.
Salant and Shaer (1999) show that, in a single market model, it is
sometimes both socially and privately optimal to invest asymmetrically
in the prior stage. Moreover, authors point out that unlike the case of
a fully decentralized economy where a symmetric context gives rise to
a symmetric investment in the prior stage, in a centralized economy,
asymmetric investments would be the norm.
In contrast, in a spatial behavior with two market locations, if the
economy is centralized with a social planner controlling ﬁrms’ locations
but not their quantities, we have a new instrument that can be used for
achieving the desired optimal solution. This is the location of ﬁrms.
Therefore, if the welfare-maximizer social planner is constrained to
maintain symmetry in the economy so that it does not discriminate
between economic agents, the social planner can reallocate ﬁrms in
such a way that this symmetry is maintained.
We also show that the principle of maximum dierentiation prevails
in the optimum solution. In the competitive framework, there exists
a negative externality among the ﬁrms at the location stage. This
negative externality is explained by the fact the variables used by the
ﬁrms (quantities) are strategic substitutes, in the terminology used by
Bulow et al. (1985), which creates a unilateral incentive to reach a
commitment to become more aggressive, in order to emulate a Stackelberg leader. In the competitive framework this aggressiveness is undertaken by moving towards the center in order to obtain a strategic
advantage. However, since this incentive is symmetric both ﬁrms end
up with lower proﬁts than if each ﬁrm is forced to remain at one of
the end-points of the space. However, the opposite occurs when a social planner tries to maximize the social welfare of the economy. The
optimal solution involves the dispersion of production.
In the single market context of Bergstrom and Varian (1985a,b) and
Salant and Shaer (1999), the results are rather artiﬁcial in the sense
that the welfare comparisons are obtained imposing the restriction
that the sum of the marginal costs remains constant. In a context of
a location model, the reinterpretation of our result is more “natural”
in the sense that we are comparing the symmetric location arising
in equilibrium (ﬁrms produce the same good or agglomerate) with
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the symmetric location decided by the social planner (ﬁrms produce
dierentiated goods or disperse).
We show that with a linear demand, in a situation where markets
are very close, an economic policy of reallocation and infrastructure
improvement may result in a low beneﬁt after the reallocation. If,
in addition, there are some reallocation costs, it is possible that the
change will not take place. However, this possibility has not been
considered in this paper.
Finally, another limitation of our model is the consideration of two
ﬁrms. We conjecture that results will not change by considering a more
general framework with n ﬁrms. Proposition 2 shows that the Nash
equilibrium location with two ﬁrms is also the solution in the ﬁrms case
with proﬁts tending to zero as the number of ﬁrms tends to inﬁnity.
This is because each potential entrant will attract customers from each
established ﬁrm, in contrast with Bertrand competition where ﬁrms
compete against their direct neighbors. Thus, as the result of the same
intuitions that play in the duopoly case, it may be welfare improving
to split ﬁrms between both markets.
Appendix A1. Proof of Propositions
Consider the equilibrium outputs of both ﬁrms at market A. Summing
up equation [1] for l = 1> 2 yields:
2S (TD ) + S 0 (TD ) TD = w{1 + w{2

[A1.1]

This equation deﬁnes the price and the industry output in the Cournot
equilibrium at market A. From the above equation, it is clear that equilibrium industry output at market D (TD ) only depends on the sum
of the marginal transportation costs (w{1 + w{2 ) and not on the distribution of those costs between ﬁrms, assuming that we obtain an
interior solution. The same applies at marketplace E. Thus, equilibrium industry output (TE ) depends only on the sum of the marginal
transportation costs at market E (w (v  {1 ) + w (v  {2 )). Q.E.D.
Appendix A2. Industry proﬁt function at market A
In order to simplify notation, we drop the subscript D. Multiply both
sides of equation [A1.1] by T,
2S (T) T + S 0 (T) T2 = T

2
X
l=1

w{l =
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P2

l=1 w{l tl

2S (T) T  2
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at both sides of the above equation,
2
X

2

0

w{l tl + T S (T) = T

l=1

Thus, since  = S (T) T 

P2

l=1 w{l tl ,

2
X

w{l 

l=1

2
X

w{l tl =

l=1

we obtain

2

2

l=1

l=1

X
1 X
1
= T
w{l  T2 S 0 (T) 
w{l tl = Q.E.D.
2
2
Appendix A3. Proof of Proposition 2
As usual, we solve the model by backward induction so that we ﬁrst
characterize the Cournot equilibrium in the second stage for given
locations {l , for l = 1> ===> q. From equations [1] and [2], and by using
standard calculations, the Cournot equilibrium of ﬁrm l, located at {l ,
in market D and E are, respectively,
P
  qw{l + n6=l w{n
and
tlD =
(q + 1) 
P
  qw (v  {l ) + n6=l w (v  {n )
tlE =
=
(q + 1) 
The condition  A qwv guarantees all ﬁrms will serve the whole market,
regardless of their locations, i.e., positive quantities.
Next we solve the location game. By substituting the Cournot equilibrium outcomes of ﬁrm l in the proﬁt functions  lD = S (TD ) tlD 
w{l tlD and  lE = S (TE ) tlE w(v{l )tlE , we can compute the equilibrium proﬁts earned by ﬁrm l at markets D and E, respectively. These
proﬁts are given by the following expressions,
P
¶
µ
  qw{l + n6=l w{n
and
 lD = 
(q + 1) 
P
¶
µ
  qw (v  {l ) + n6=l w (v  {n ) 2
 lE = 
(q + 1) 
Consequently, the total proﬁt of ﬁrm l at location {l is  l =  lD + lE =
2 + t 2 . As a result, a necessary condition for equilibrium is that
tlD
lE
¶
¶
µ
µ
C l
2qw
qw
qw
+ 2tlE
=
(tlE  tlD )
= 2tlD
C{l
 (q + 1)
 (q + 1)
(q + 1)
P
µ
¶
qw (2{l  v) + n6=l w (v  2{n )
2qw
=0
=
(q + 1)
 (q + 1)
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for l = 1> ===> q. From this expression, we can conclude that a necessary
and su!cient condition for the ﬁrst order conditions to be satisﬁed is
therefore that all ﬁrms locate at {l = v@2. Q.E.D.
Appendix A4. Proof of Proposition 3
Given that {W1 + {W2 = v, we can write the global transportation costs
as
2
2
X
X
W
W
w{Wl tlD
+
w (v  {Wl ) tlE
=
FW =
l=1

l=1

Rearranging the above expression, we obtain:
F W = wvTWE +

2
X

W
W
w{Wl (tlD
 tlE
)=

l=1
W = t W and t W = t W , then
Given the symmetry of the model, t1D
2E
1E
2D
using these equalities, we can express the global transportation costs
as:
W
W
W
W
 t2D
) w{W2 (t2D
 t1D
)
F W = wvTWE + w{W1 (t1D

Since {W1 + {W2 = v, we obtain:
W
W
 t2D
)
F W = wvTWE + w (v  2{W1 ) (t1D

By symmetry, TWD = TWE . From now on, we will denote TW = TWD =
TWE . We can then express the global proﬁt in equation [9] as a function
of the variables in market D:
1
1
1
1
W = wvTW  (TW )2 S 0 (TW ) + wvTW  (TW )2 S 0 (TW ) >
2
2
2
2
W
W
wvTW + w (v  2{W1 ) (t1D
 t2D
)
which yields:

¯
¯
W
W
 t2D
)
W = (TW )2 ¯S 0 (TW )¯ + w (v  2{W1 ) (t1D

Using equation [5] for yields:
W
W
t1D
 t2D
=

w (v  2{W1 ) TW
=
2S (TW )  wv

From equation [A1.1], we obtain
W
W
t1D
 t2D
=

w (v  2{W1 )
|S (TW )|

By substituting the above expression in W , we conclude the demonstration. Q.E.D.
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Resumen
Los modelos en dos etapas constituyen los principales marcos para el análisis
de la competencia oligopolística. La literatura ha discutido algunas propiedades de este tipo de modelos cuando tenemos competencia a la Cournot en la
segunda etapa en un contexto no espacial. Encontramos que los óptimos privado y social son asimétricos. Utilizando un entorno espacial con múltiples
mercados, el resultado es diferente. Un planiﬁcador social puede utilizar la
variable localización como un instrumento para recolocar la producción de la
solución de equilibrio no cooperativa a la solución socialmente óptima manteniendo la simetría en el modelo.
Palabras clave: Competencia espacial, Cournot, bienestar.
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